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Abstract 



We investigate different concentration-compactness phenomena related 
to the Q-curvature in arbitrary even dimension. We first treat the case 
of an open domain in R^"*, then that of a closed manifold and, finally, 
the particular case of the sphere S^™. In all cases we allow the sign of 
the Q-curvature to vary, and show that in the case of a closed manifold, 
contrary to the case of open domains in R^™, concentration phenomena 
can occur only at points of positive Q-curvature. As a consequence, on 
a locally conformally flat manifold of non-positive Euler characteristic we 
always have compactness. 

1 Introduction and statement of the main re- 
sults 

Before stating our results, we recall a few facts concerning the Paneitz operator 
P^™ and the Q-curvature Q^'" on a 2m-dimensional smooth Riemannian mani- 
fold (M, g) . Introduced in |BO| , [Pan] , [Bra j and 'GJMS' , the Paneitz operator 
and the Q-curvature are the higher order equivalents of the Laplace-Beltrami 
operator and the Gaussian curvature respectively [P^ = — Ag and ~ Kg), 
and they now play a central role in modern conformal geometry. For their def- 
initions and more related information we refer to [Cha . Here we only recall a 
few properties which shall be used later. First of all we have the Gauss formula, 
describing how the Q-curvature changes under a conformal change of metric: 



where gu '■— e^"g, and u £ C°°{M) is arbitrary. Then, we have the conformal 
invariance of the total Q-curvature, when M is closed: 



Pf'u -1- Q2™ = Q2™e- 



(1) 
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Finally, assuming (M, g) closed and locally conformally flat , we have the Gauss- 
Bonnet-Chcrn formula (see e.g. [Che], [Chal ): 



dvolg = ^x(M), (3) 



where x(Af) is the Euler-Poincare characteristic of M and 



Ai / Qs,2™dvolg^„„ = (2m - l)l\S'"'\ (4) 

is a constant which we shall meet often in the sequel. In the 4-dimensional case, 
if {M,g) is not locally conformally flat, we have 



M 



Qt + ^ ) dvolg = 8tt\{M), (5) 



where Wg is the Weyl tensor. Recently S. Alexakis [Ale2] (see also [Alel] ) proved 
an analogous to ((51) for m > 3: 



M 



+ w ) dvol, = ^x(M), (6) 



where is a local conformal invariant involving the Weyl tensor and its covari- 
ant derivatives. 

We can now state the main problem treated in this paper. Given a 2m- 
dimensional Riemannian manifold {M,g), consider a converging sequence of 
functions Qk Qo hi C°(Af), and let gk := 6^"*= 5 be conformal metrics satis- 
fying Qg™ — Qk- In view of ((T]), the Uk^s satisfy the following elliptic equation 
of order 2m with critical exponential non-linearity 

V + Qg" = Qfce^"™^ (7) 

Assume further that there is a constant C > such that 

vol(gfe) = [ 6^""'= dvolg < C for all k. (8) 

What can be said about the compactness properties of the sequence (ufc)? 

In general non-compactness has to be expected, at least as a consequence 
of the non-compactness of the Mobius group on M^™ or 5^™. For instance, 
for every A > and xq G M^™, the metric on R^™ given by := e^"(7R2Tn, 
■■= log i+A^f,^_^„|2 , satisfies Q^m = (2m - 1)!. 

We start by considering the case when (M, g) is an open domain C K^™ 
with Euclidean metric f;R2™ . Since Pg^^2m = (—A)™ and Qg^^a™ = Oi Equation ([7]) 
reduces to {—A)™Uk — QfeC^™"''. The compactness properties of this equation 
were studied in dimension 2 by Brezis and Merle [BM] , They proved that if 
Qk > 0, HQfelli^ < C and ||e^"''||Li < C, then up to selecting a subsequence, 
one of the following is true: 

(i) (ufc) is bounded in L^^{n). 

(ii) life —00 locally uniformly in Cl. 
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(iii) There is a finite set S — — 1, . . . ,/} C fl such that Uk — oo 

locally uniformly in Q\S. Moreover QfeC^"*" ^ Pi^xM weakly in the 

sense of measures, where Pi > 2t: for every I < i < I. 

Subsequently, Li and Shafrir [LS] proved that in case (iii) Pi € 47rN for every 
l<i<I. 

Adimurthi, Robert and Struwe |ARSj studied the case of dimension i (m — 
2). As they showed, the situation is more subtle because the blow-up set (the 
set of points x such that Uk{x) — > cxd as fc ^ oo) can have dimension up to 3 (in 
contrast to the finite blow-up set S in dimension 2). Moreover, as a consequence 
of a result of Chang and Chen |CCj . quantization in the sense of Li-Shafrir does 
not hold anymore, see also [RobT] , [Rob2] . 

In the following theorem we extend the result of [ARS| to arbitrary even di- 
mension (see also Proposition [S] below). The function Ofc in ^ has no geometric 
meaning, and one can take = 1 at first. On the other hand, one can also 
apply Theorem [T] to non-geometric situations, by allowing ^ 1, see |Mar3] . 

Theorem 1 Let fl be a domain in M^™, m > 1, and let {uk)kGfi be a sequence 
of functions satisfying 

where ak,Qo G C'^(fl), Qq is bounded, and Qk —> Qq, Ofe — > 1 locally uniformly. 
Assume that 

e2™^"'=da; < C, (10) 



for all k and define the finite (possibly empty) set 

Si:= ixen: lim limsup / \Q kle'^"""'"" dy > ^1 = {x^ : 1 < i < /}, 

r^0+ fc^oo Jb^{x) 2 J 

where Ai is as in ([4]). Then one of the following is true. 

(i) For every < a < 1, a subsequence converges in Cy^^^'"^ {Vl\Si) . 

(a) There exist a subsequence, still denoted by (ufc), and a closed nowhere 
dense set Sq of Hausdorff dimension at most 2m — 1 such that, letting 
S = So U Si, we have Uk — > — oo locally uniformly in n\S as k ^ oo. 
Moreover there is a sequence of numbers Pk ~* oo such that 

^-.^^nCf::-''"{n\S), 0<a<l, 

Pk 

where ip G C°°(r2\5i), 5*0 = {x G 17 : ip{x) = 0}, and 

(-A)"V = 0, if<Q, if^Q in9\Si. 

If Si 7^ and Qoix'^^^) > for some 1 < i < I , then case (ii) occurs. 

We recently proved (see |Mar2| ) the existence of solutions to the equation 
(-A)"'m = ge^"" on ^ith Q < constant and e^™" G ^^(R^™), for m > 1. 
Scaling any such solution we find a sequence of solutions Uk{x) := u{kx) + log k 
concentrating at a point of negative Q-curvature. For m — I that is not possible. 
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On a closed manifold things are different in several respects. Under the 
assumption (which we always make) that ker ™ contains only constant func- 
tions, quantization of the total Q-curvature in the sense of Li-Shafrir (see (jl2p 
below) holds, as proved in dimension 4 by Druet and Robert |DRj and Mal- 
chiodi |Mal| . and in arbitrary dimension by Ndiaye jNdij . Moreover the con- 
centration set is finite. In |DR| . however, it is assumed that the Q-curvatures 
are positive, while in [Mal| and [Ndi| . a slightly different equation is studied 
{Pg™Uk + Qk = /ifee^™"'=, with hk constant and Qk prescribed), for which the 
negative case is simpler. With the help of results from our recent work [Mar2| 
and a technique of Robert and Struwe [RS| . we can allow the prescribed Q- 
curvatures to have varying signs and, contrary to the case of an open domain 
in M^™, we can rule out concentration at points of negative Q-curvature. 

Theorem 2 Let [M, g) be a 2m- dimensional closed Riemannian manifold, such 
that kerPg — {constants} , and let (uk) be a sequence of solutions to ^ 
where the Qk 's and Qq are given functions and Qk ^ Qo in C^(M). Let Ai 
be as in Then one of the following is true. 

(i) For every < a < 1, a subsequence converges in C^'"^"'^'"(Af). 

(ii) There exists a finite (possibly empty) set Si = {x'^*-' :!<«</} such that 
(5o(a;*-'-') > for 1 < i < I and, up to taking a subsequence, Uk ^ —oo 
locally uniformly on (M\Si). Moreover 

I 

Qfee^^-'-dvolg-^AiJ^M (11) 

i=l 

in the sense of measures; then (0) gives 

[ Qgdvolg^/Ai. (12) 

Finally, Si = $ if and only ifvo\{gk) —> 0. 

An immediate consequence of Theorem [5] (Identity (jl2p in particular) and 
the Gauss-Bonnet-Chern formulas ^ and (O, is the following compactness 
result: 

Corollary 3 Under the hypothesis of Theorem\^ assume that either 

1. x{M) < and dimAf G {2,4}, or 

2. x{M) < 0, dimAf > 6 and {M,g) is locally conformally flat, 
and that vol(gfc) -/-> 0. Then (i) in Theorem\^ occurs. 

It is not clear whether the hypothesis that (M, g) be locally conformally flat 
when dimAf > 6 is necessary in Corollary [31 For instance, we could drop it if 
we knew that VF > in ([6]), in analogy with ([5|). 

Contrary to what happens for the Yamabe equation (see |Drul| , |Dru2] , [DHj 
and [DHR] ) . the concentration points of S in Theorem[5]are isolated, as already 
proved in [DRj in dimension 4. In fact, a priori one could expect to have 

I 

Ofce^™"'" dvolg ^ L^MS^M , for some L, e N\{0}, (13) 

1=1 
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instead of (|lip . The compactness of M is again a crucial ingredient here; indeed 
X. Chen [Chj showed that on (where quantization holds, as already discussed) 
one can have with > 1. 

Theorems [Hand [2] will be proven in Sections [2] and [3] respectively. In Section 
|3]we also consider the special case when M — 5^™. In the proofs of the above 
theorems we use techniques and ideas from several of the cited papers, particu- 
larly from [MS], [BM], [Dl], [Mil], (MS] and [RS]. In the following, the letter 
C denotes a generic positive constant, which may change from line to line and 
even within the same line. 

I'm grateful to Prof. Michael Struwe for many stimulating discussions. 

2 The case of an open domain in R^"^ 

An important tool in the proof of Theorem [T] is the following estimate, proved 
by Brezis and Merle |BM| in dimension 2. For the proof in arbitrary dimension 
see [Mar II. Notice the role played by the constant 7™ ■— which satisfies 

{-A)"'{ - —\og\x\\ =5a inM^™. (14) 

^ 7m ^ 

Theorem 4 Let f G L'^{Br{xo)), Br{xq) C M^™, and let v solve 

r {-AY'v = f mBnixo), 
\ v = Aw = . . . = A"'-iw = on dBnixo). 

Then, for any p £ ^0, ^"^ ^, we have e^^P'"! G L^{Bb.{xo)) and 

Jbr(xo) 

Lemma h Let f £ L^{n) n Lf^^{n\Si) for some p > 1, where n C K^'" and 
Si G 0, is a finite set. Assume that 

( (-A)™u = / mQ 

\ A^u = on dn for < j < m - 1. 

Then u is bounded in W^J^'^(fl\Si); more precisely, for any Bm{xo) C {Q\Si), 
there is a constant C independent of f such that 

\\u\\w^'^.p(Bn{xo)) < C{\\f\\LP(BiR(xo)) + II/I|li(0))- (15) 

The proof of Lemma [S] is given in the appendix. 

Proof of Theorem We closely follow fXRS] . Let Si be defined as in the 
statement of the Theorem. Clearly pUj) implies that 5*1 = {x'*-* £ fl : 1 < i < 1} 
is finite. Given xq e ^\Si, we have, for some < i? < dist(xo, 9f2), 

a:=limsup/" \Qk\e^"""'''''dx < jra- (16) 

fc^oo J Bnixo) 
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For such xq and R write Uk = Vk + hk in i?/j(xo), where 

{-A)"'vk = Qfce2'"'^'=«'= in Bfl(xo) 

Vk^Avk = ... = A™-iwfe - on dBuixo) 

and (-A)™/ife = 0. Set := X{/ifc>o}^/c, ^fe := hk - h^. Since li^ < + \vk\, 
we have 

\\K\\l^(Br{xo)) < ll^ife llLi(Sfl(i:o)) + lkfc||Li(i3„(xo))- 

Observe that, for k large enough niu^ < 2makU^ < 6^™"'="'= on B]i{xo), hence 
(fTO]) imphes 

[ utdx<c[ e2™^"'=da; < C. 

JBr{xo) Jbr{xo) 

As for Wfe, observe that 1 < hence by Theorem |4] 

[ 2m\vk\dx< [ e^^l^^lrfo; < Ci?2", 

JBr(xo) Jbr(xo) 

with C depending on a and not on k. Hence 

WKU^iBRixo)) < c. (17) 

We distinguish 2 cases. 

Case 1. Suppose that \\hk\\L^{BR/2){xo) ^ ^ uniformly in /c. Then by Proposition 
[TT]we have that hk is equibounded in C^(i3/j/g(a;o)) for every ^ > 0. Moreover, 
by Pizzetti's formula (Identity ([7^ in the appendix) and (fT7|) . 

-j- \hk{x)\dx = 2 -j- h^{x)dx — J- hk{x)dx 

Br{xo) Br(xo) Br(xo) 

< C— J- hk{x)dx 

Br(xo) 
m~l 

= C- ^ c,i?2W/ifc(a:o) < C. 

1=0 

Hence we can apply Proposition [TT] locally on all of Bii{xo) and obtain bounds 
for (hk) in Ci^iBRixo)) for any £ > 0. 

Fix p e (l,7™/a). By TheoremU ||e2"l"'=l < C(p), hence, using 
that Ofc — !■ 1 uniformly on Bh^xq), we infer 

Wi-Arvkh.iB) = ||(Qfce2"''^'"=)e2""^''-''MlL.(i3) < CiB,p) (18) 

for every balls CC Bi^{xo) and for /c large enough. In addition ||ffe||Li(Bj,(2:o)) < 
C, hence by elliptic estimates, 

||wfc||w2'".p(B) < C{B,p) for every ball B CC Br{xo). 

By the immersion Vf2™.p ^ C"'", (wfc), is bounded in C°^" {B r{xo)) , for some 
a > 0. Going back to (fT8|) . we now see that A™Vfe is uniformly bounded in 

L^ciBnixo)), hence 

\\vk\\w^^'P(B) < C{B,p) 
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for every p > 1, B CC B]i{xo), and by the immersion W'^^'P ^ C^™ we 
obtain that (wfe), hence (m/c), is bounded in Cf^ ^'°'{Bj^{xq)). 

Case 2. Assume that \\hk\\L^{Buj2{3:a)) ~- Pk ^ oo as k ^ oo. Set ipk := so 
that 

1. A"(pfe = 0, 

2- ||</'fc||Li(SH/2(2;o)) = 1' 

3. ll^^llLi(i3„(.o)) ^Oby m- 

As above we have that ipk is bounded in C(^^{Bfj{xo)) for every £ > 0, hence a 
subsequence converges in Cf™{Bji(xQ)) to a function ip, with 

1. A"(^ = 0, 

2- ll'/'llLi(Bfl/2(a;o)) = 1. 

3- ll'/'^l|Li(SR(a;o)) = 0, hcuCC Lp < 0. 

Let us define 5*0 = {x e B^Xxo) ■ fix) = 0}. Take x € Sq; then by ([75]) . 
A(/3(a;), . . . , A™~^(/7(2:) cannot aU vanish, unless p = Q on Bp{x) C B]i{xq) for 
some p > 0, but then by analyticity, we would have ip = 0, contradiction. Hence 
there exists j with 1 < j < 2ra — 3 such that 

D^p{x) = 0, D^+^p{x) ^ 0, 

i.e. 

2m -3 

SoC \J {xe Br{xo) : DV(x) = 0, D^+V(2:) ^ 0}. 

Therefore 5*0 is {2m — l)-rectifiable. Since p < on Bji{xo)\So, we infer 

hk = PkVk ^ -oo, 62"'^'='"= ^ 
locally uniformly on Bj^(xo)\Sq. Then, as before, from 

(-A)™Ufc = (Q;,e2™'='"=)(e2'"'^^-^'=), 

we have that Vk is bounded in CjQ™~^'"(il\S'o). Then Uk — hk + Vk — oo 
uniformly locally away from Sq. 

Since Case 1 and Case 2 are mutually exclusive, covering D,\Si with balls, 
we obtain that either a subsequence Uk is bounded in Cf^~^'°'{n\Si), or a 
subsequence Uk — > — oo locally uniformly on Q\{SoU Si). In this latter case, the 
behavior described in case (ii) of the theorem occurs. Indeed fix any Bii{xo) C 
il\Si and take Pk as above. Then, on a ball Bp{yo) C ^\Si, we can wrie 
Uk — Vk+hk as above, where hk — > — oo locally uniformly away from a rectifiable 
set 5*0 of dimension at most (2m — 1), ^ , where Pk — \\hk\\L^(B /2{y))^ 

and Vk is bounded in Cfj^"^'"(Bp(t/o))- Then ^ in Cfj^"^'"(Bp(yo)), and 
we have that either 

(a) 1^ and |^ are bounded in Cf^-^'"{Bp{yo)), or 
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(b) ^ and ^ go to — oo locally uniformly away from 5*0. 

Since the 2 cases are mutually exclusive, and on Bii{xo) case (a) occurs, upon 
covering ^l\Sl with a sequence of balls, we obtain the desired behavior for j^. 

We now show that if / > 1 and Qo(2:^'-*) > for some !<«</, then Case 
2 occurs. Assume by contradiction that Qo{xo) > for some xq G Si and Case 
1 occurs, i.e. (ufc) is bounded in Cf™~^^"(r2\5'i), so that fk := Qfee^"'"'"'" is 
bounded in L^^(fl\Si). Then there exists a finite signed measure fi on with 
/I e L'^^{n\Si) such that 

fk ^ /i as measures 

fk ^ M in LP for 1 < p < oo. 



Let us take R > such that Bii{xo) C fi, Br{xo) H Si — {xq} and Qo > on 
Br{xo)- By our assumption, 

(-A^Ufc > -C, on dBn{xo) for < j < m - 1. (19) 

Let Zfe be the solution to 

(-A)™zfe = Qfcc^'"'""'"^ in BkK) 

= Azfe = ... = A™-izfe=0 on aS;?Xa;o). 

By Proposition [H and dUD 

Wfc > Zfc - C. (20) 
By Lemmaini up to a subsequence, z^ — » z in Ci^™^^'"(i3fl(a;o)\{a;o})i where 

(-A)™z = in Bk(xo) 

z = Az = . . . = A^-^z = ondBRixo). 

Since Qo(a^o) > 0, we have fi > jmSxo = (—A)™ In , and Proposition [T3l 

applied to the function z{x) — In ^J'"_^^| implies 

z(x) > In 1 — C, 

\x ~ Xq\ 



hence 



e^'^'^dx > 4 / 1 ^^5— da; = +oo. 



Then PU)) and Fatou's lemma imply 

liminf / e^""''"''^^ > / liminf e^"'"'"^^^ 

> ^ [ liminf e^™''^^" da; (21) 

> 4 /" e^"''dx = 



contradicting (fT(I|) . □ 

The following proposition gives a general procedure to rescale at points where 
Uk goes to infinity. 
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Proposition 6 In the hypothesis of Theorem]^ assume that ak = 1 for every 
k and that case (ii) occurs. Then, for every xq € S such that supg^j-^^j-) Uk oo 
for every < R < dist(a;o, 90) as k ^ oo, there exist points Xk — > xq and 
positive numbers r^ such that 

Vk{x) Uk[xk+rkx) + \nrk < < ln2 + i;fe(0), (22) 

and as k ^ oo either a subsequence Vk v in Cj^™^"'^'"(]R.^'"), where 

{-^rv^Qo{xo)e'^\ 

or Vk — > — oo almost everywhere and there are positive numbers 7^ +00 such 
that 

^^p m Cf„'^-i'"(M2™), 

Ik 

where p is a polynomial on even degree at most 2m — 2. 

Proof. Following [ARS| . take xq such that supg^(^^^-^ Uk +00 for every R and 
select, for R < dist(xo, 5r2), < < i? and Xk S Brt^{xo) such that 

(i?-rfc)e"'=("=''^ = (i?-rfc) sup e"*" = max {(R-r) sup e"*" W: Lfc. 

-5—1 T 0<r<_R V '^5-7 r / 

Then Lk +00 and Sk ■— "^|xi^ — » as fc ^ 00, and 

Vkix) := Uk{xk + Skx) + Insfe < in BL^iO) 



satisfies 
and 



I Qke^"''"'dx= [ Qke^"'">'dx <C. 



We can now apply the first part of the theorem to the functions Vk , observing 
that there are no concentration points (5*1 = 0), since Vk < 0, and using Theorem 
[T^ to characterize the function p. □ 



3 The case of a closed manifold 

To prove Theorem[2]we assume that sup^.j Ufe — > cxd and we blow up at / suitably 
chosen sequences of points Xi^k — > a;*-*-' with Uk{xi^k) — > cxi as — > qg, 1 < i < I. 
We call the a;*^*^'s concentration points. Then we show the following: 

(i) If a;*^'-' is a concentration point, then Qoix'^^'') > 0. 

(ii) The profile of the Uk 's at any concentration point is the function 770 defined 
in ((77|) below, hence it carries the fixed amount of energy Ai, see (|29p . 

(iii) Uk —00 locally uniformly in Af : I < i < I}. 

(iv) The neck energy vanishes in the sense of (|47p below, hence in the limit 
only the energy of the profiles at the concentration points appears. 
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Parts (i) and (ii) (Proposition [5]) follow from Lemma [7| below and the classi- 
fication results of [Marl| (or [Xup and [Mar2j . For parts (iii) and (iv) we adapt 
a technique of |DRj . see also also |Mal| . |Ndi| for a different approach. 

The following lemma (compare [Mai) Lemma 2.3]) is important, because 
its failure in the non-compact case is responsible for the rich concentration- 
compactness behavior in Theorem [TJ Its proof relies on the existence and on 
basic properties of the Green function for the Paneitz operator P^™, as proven 



in |Ndi[ Lemma 2.1] (here we need the hypothesis kevPg = {constants}). 

Lemma 7 Let (uk) be a sequence of functions on {M,g) satisfying ([7]) and ([8|). 
Then for i ~ 1, ■ • ■ , 2m — 1, we have 



[ \V'uk\''dYo\g<C{p)r 

JBrix) 



for every x G M , < r < rjnj and for every k, where rjnj is the injectivity radius 
ofiM,g). 

Proof Set fk ■■= Qfce2™«'= - Q^m^ .^^j^j^^j^ jg bounded in L\M) thanks to ©. 
Let G{ be the Green's function for on {M, g) such that 

uk{£.) = juk dvolg + j G^{y)fk{y) dvol<,(2/). (23) 

M M 

For a;,^ G M, x ^ [Ndi) Lemma 2.1] implies 

1^^^^^^)' ^ di^' 1^^^2m-L (24) 
Then, differentiating ([25]) and using (124p and Jensen's inequality, we get 



iv^..(or < ^(/.di^i^^^^)"'^-!^^^) 

From Fubini's theorem we then conclude 

iv^«.(ordvoi,(e) < sup / ^^dvoi,(o 

□ 

Let exp^ : TxM = M^™ M denote the exponential map at x. 

Proposition 8 Let (uk) be a sequence of solutions to (O, ([8]) withmaxuk — ^ oo 
as k oo. Choose points Xk —>■ Xq M (up to a subsequence) such that 
Uk{xk) — "ca'AyiMUk- Then Qo{xo) > and, setting 
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we find that the functions r]k : Bn^ C M^™ R, given by 

/ ^ / / ^^ , 1 , (2m - 1)! 

Vk{v) ■■= Ufc(exp^J^fcy)) +log^fc - ^ log q^^^^) ' 
converge up to a subsequence to 'r]o{y) — In j^^^^p Cj^™~"'^'"(R^™). Moreover 
lim lim / Qfce2™"'= dvolg = Ai. (26) 



Remark. The function 



'^o^^) ^=l°gT^d^ (27) 



satisfies (-A)"77o = (2to - l)!e^™''«, which is ^ with = (2m - 1)! and 
Cfe = 1. In fact r^o has a remarkable geometric interpretation: If tt : S"^™ ^ R^™ 
is the stereographic projection, then 

e^^^ffR.™ = (^-i)*gs.™, (28) 

where gs^™ is the round metric on S"^™. Then (pS]) impHes 

(2m - 1)! / e^^'^'da; / Qs^mdyolg = (2m - 1)!|5'2"| = Ai. (29) 

Proof of Proposition^^ Step 1. Set — e^'"=(^'=\ and consider on B-^ C R^™ 
the functions 

Zk{v) ■■= Wfc(exp^^ (fjfcy)) + log(crfe) < 0, (30) 

and the metrics 

gk (exp^^ oTk)*g, 

where Tfe : R^" R2™, Tfey = a^y. Then, setting Qfc(y) := Qfc(cxp^ Ja^y)), 
and pulhng back ([7]) via exp^^ oT^, we get 

Setting now gk := cr^T^^fc, we have P|;" = ^^k^P^T^ QlT = crfc"<3|r' 
([5T|) we infer 

pir^k+QiT^Qkc^"''". (32) 

Then, since the principal part of the Paneitz operator is (— Ag)™, we can write 

Pg, = (-AgJ" + A,, 

where Ak is a linear differential operator of order at most 2m — 1; moreover the 
coefficients of Ak are going to in C[qj.(R2'") for all fc > 0, since gk ffM^™ in 
C£^(R2'") for aU k>0, and Pg_^^^ = (-A)™. Then §^ can be written as 

i^AgJ^Zk + AkZk + Q|" = Qke'^'K (33) 
S'iep ^. We now claim that Zk zq in Cf™"^'"(R2'"), where 

(-A)"2o - Qo(a;o)e^"^°, / e^^^Vx < c5o. (34) 
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We first assume m > 1. Fix R > Q and write Zk = + Wk on Bn = 5/^(0), 



where A^" /it = and 



Wk = Awk = . . . = A^-^tUfc = on OBr 



(35) 



From Zfc < we infer HQfeC^"^" ||ioo(s^) < C, and clearly Q?™ = crf^Qj"' ^ 
in Lj^^(R2™). Lemma [3 implies that {AkZk) is bounded in LP{Br), 1 < p < 
2^^i , hence from (|35p and elliptic estimates we get uniform bounds for {wk) in 
W^'^'PiBn), l<p< 2^7^, hence in C°{Br). Again using LemmaH we get 

WAg^hkWLHBn) < C{\\zk\\w^.i(Bn) + \\wk\\w^.^Bn,)) < C. 

Since A™^~^{Ag^hk) = 0, elliptic estimates (compare Proposition [TT|) give 

\\Ag,hk\\c^^B^,,) < C{£) for every £gN. (36) 

This, together with \hk{0)\ ~ \wk{0)\ < C, and hk < —Wk < C and elliptic 
estimates (e.g. |GT[ Thm. 8.18]), implies that \\hk\\L^(Bu/2) — hence, again 
using elliptic estimates, 

WhkWc^iB,,,) < C{£) for every £ S N. (37) 

Therefore (zk) is bounded in VF^™'^(-B_r/4), 1 < p < ^zj- We now go back to 
(f55|l . replacing R with i?/4 and redefining hk and Wk accordingly on Bji/4. We 
now have that (AkZk) is bounded in LP^Bh/^) for 1 < p < Sobolev's 
embedding, and we infer as above that (wk) is bounded in W'^™-P[Bj^/i), 1 < 
p < 2^2 ^ ^^'^ bounded in C^[B{i/iq), £>{). Iterating, we find that {zk) 
is bounded in W'^™'^ {Bj^/ 4^2^ ) for every p G [1, oo[. By letting R ^ 00 and ex- 
tracting a diagonal subsequence, we infer that (zk) converges in Cj^™^^'"(IR^™). 
Then ((34|) follows from Fatou's lemma, letting R ^ 00, and the claim is proven. 

When m — 1, since — —Ag, (|32p implies at once that {Ag^Zk) is locally 
bounded in L°°. Then, since Zk < and 2^(0) = 0, the claim follows from 
elliptic estimates (e.g. [GT', Thm. 8.18]). 

Step 3. We shall now rule out the possibility that Q{){x[)) < 0. 

Case Qq{xq) — 0. By the maximum principle one sees that, for rn = 1, p4p has 
no solution (see e.g. [Mar21 Thm. 3]), contradiction. If ni > 2, still by [Mar21 
Thm. 3] , any solution zq to (|34p is a non-constant polynomial of degree at most 
2m — 2, and there are 1 < j < m — 1 and a < such that A^ zq = a. Following 
an argument of [RS| . see also |Mal| . we shall find a contradiction. Indeed we 
have 

lim / \A^Zk\dx^ f |A^2oMa; = 47^^'" + o(i?""), as i? ^ +00. 

fe^o° J Br J Br 

Scaling back to Uk, we find 
lim f (7^^"^" / \V'^^Uk\dvo\g] >C-^R'^"' +o{R^"'), as R ^ +00, 

fc^oo V JBu^Axk) ) 



12 



while, from Lemma [71 

iV^^Wfcl dvolg < C7(i?afc)2'"-2J-. (38) 



This yields the desired contradiction as k, R ^ +00. 

Case Qq{xq) < 0. By [Mar21 Thm. 1] there exists no solution to (IM]) for 
m — 1, a contradiction. If m > 2, from [Mar21 Thm. 2] we infer that there are 
a constant a ^ and I < j < m ~ 1 such that 

lim zq{x) = a, 

\x\ — *+oo 

xec 

where C ;= {t^ £ R^™ : t > 0, £, e K} and K C 5^™-! is a compact set with 
H^'^-^iK) > 0. Then, as above, 

lim ffTfc^"^™ / iV^^iifeldvolg ) > C-^ f \A^zo\dx 

V JBR„^(xk) J JBnnC 



again contradicting ([38]) . Then we have shown that Qq{xq) > 
Step 4- Since Qkixa) > 0, /ifc and r/k are well-defined. Repeating the proce- 



dure of Step 2, we find a function 77 S ^'"(R^™) such that 77^ ^ in 

Cfj^"^'"(R2"), where (compare ([Ml)) 



(-A)™77 = (2to - l)!e2""', / e^'^'^dx < + 



By |Marl[ Thm. 2], either 77 is a standard solution, i.e. there are xq G R , 
A > such that 

2A 

v{y) = ^og—— (39) 

1 + y\y - 2/or 

or A^r](x) ^ a as |x| — > cx) for some constant a < and for some 1 < j < m — 1. 
In the latter case, as in Step 3, we reach a contradiction. Hence pop is satisfied. 
Since maxM rjk = ?7fc(0) = log 2 for every fc, we have yo — 0, X — I, i.e. rj — tjq. 
Since, by Fatou's lemma 

lim lim / Qfce^^'-dvolg = (2m-l)! / e^^^dx, 

(|26l) follows from □ 

Proof of Theorem Assume first that Uk < C. Then Pg"''Uk is bounded in 
L°°{M) and Lemma[7]and by elliptic estimates Uk — Uk is bounded in W'^"^'P{M) 
for every 1 < p < c>o, hence in C^™~^'"(M) for every a G [0, 1[, where Uk := 
;;f^Mfedvolg. Observe that by Jensen's inequality and ^,Uk < C 

If Uk remains bounded (up to a subsequence) , then by Ascoli- Arzela's theo- 
rem, for every a £ [0, 1[, Uk is convergent (up to a subsequence) in C^'"^^'"(Ajf), 
and we are in case (i) of Theorem [2] 

If Ufc — > —00, we have that Uk ^ —00 uniformly on AI and we are in case 
(ii) of the theorem, with Si = 0. 
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From now on we shall assume that maxjvfU/c — > oo as /c ^ oo, and closely 
follow the argument of |DR| . 

Step 1. There are / > converging sequences Xi^k x^^^ G M with Uk{xi_k) 
oo as fc ^ oo, such that 

(Ai) Qo(:cW)>0, l<i</. 

{A2) '^^'^^^^^■''^^3.''^ _^ 4_Qo as fc +00 for all 1 < ^, j < /, i ^ j, where 

_ / (2m-l)! \^ 

(A3) Set Tii^kiy) Wfc(exp^^^(^j,fcj/)) - Uk{xi^k)- Then for 1 < i < / 

77.,fc(2/)-^o(2/) = log— ^ inC2'^(]R2™) (fc ^ 00). (40) 



(A4) For 1 < i < / 



+ 00 A; — > + oo 



lim lim / Qfce2'"''''dx ^ Ai. (41) 



(A5) There exists C > such that for all k 

sup [e"'=^^^i?fc(x)] < C, Rk{x) := min dist(a:, a:^ fc). 

xeA/ i<i<-f 

Step 1 follows from Proposition [5] and induction as follows. Define xi,k = Xk 
as in Proposition [H Then (Ai), {A3) and {A4) are satisfied with i = 1. If 
sup^g^ [e"'='-^Mist(xi^fe, a;)] < C, then 1 = 1 and also (^5) is satisfied, so we 
are done. Otherwise we choose X2,k such that 

i?i.fc(a;2.fc)e"'=^"'''=^ = maxi?i,fc(:E)e"'=(") ^ 00, i?i,fe(a;) := dist(a:, a;i,fc). (42) 

Then (A2) with i = 2, j = 1 follows at once from while (^2) with i = 1, 
j = 2 follows from (A3), as in [DR . A slight modification of Proposition [S] 
shows that {x2^k, fJ'2,k) satisfies (Ai), (A3) and (A4), and we continue so, until 
also property (A5) is satisfied. The procedure stops after finitely many steps, 
thanks to (A2), (A4) and 

Step 2. With the same proof as in Step 2 of [DR, Thm. 1]: 

sup Rk{xY\y^Uk{x)\ <C, e=l,2,...,2m-l. (43) 
xeM 



Step 3. Uk -00 locally uniformly in M\Si, Si := {x^^^ : 1 < « < /}. This 
follows easily from above and below (which implies that Uk —00 
locally uniformly in i?5_^(a;^*^)\{a;'-''} for any 1 < i < I, v £ [1,2[ and Si^ as 
in Step 4), but we also sketch an instructive alternative proof, which does not 
make use of (|46|). 

Our Theorem[T]can be reproduced on a closed manifold, with a similar proof 
and using Proposition 3.1 from [Mai' instead of Theorem 3] above. Then either 
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(a) Uk is bounded in Cf^~^'" {M\Si), or 

(b) Uk — > — oo locally uniformly in M\Si, or 

(c) There exists a closed set 5*0 C M\Si of Hausdorff dimension at most 
2m — 1 and numbers f3k +oo such that 



where 



-l-^inCi7r^^"(AA(^oU5)), (44) 
Pk 



A^"(p = 0, ip<0, ip^O on MVS*!, = on S-q. (45) 

Case (a) can be ruled out using ^ as in (|2ip at the end of the proof of Theorem 
[TJ Case (c) contradicts Lemnia[71 by considering any ball Bji{xo) CC n\Si with 
^Br^xo) \ d'^olff > ^i^'i using Hence Case (b) occurs, as claimed. 

Step 4- We claim that for every 1 < < 2, there exist d,y > and C,y > such 
that for 1 < i < / 

dist(x,x,,fc)2"V""'=(^) <aAi'j^''-'\ for xeBs,A^^.^)■ (46) 

Then on the necks T^i^k ■= Bs^{x,^k)\BRf,^_^{xi^k) we have 

e2™«^dvolg < C,M-.r^""'^ / dist(x,x,,fc)-2'"''dvolg(x) 



_ p2m(l-i/) ^ 2m(i^-l) r2m(l-i^) 

whence 

hm lim / QfeC^""'" dvolg = 0. (47) 

This, together with ((2^ and Step 3 implies (fTT|) . assuming that a;''-' 7^ x*-^' for 
i j- This we be shown in Step 4c below. Then (fT^ follows at once from 

Let us prove (jJS]). Fix 1 < < 2 and set for 1 < z < / 

R^^k ■= mindist(a;i,fc, a;j,fe). 

Step 4a. Let i G {1, ...,/} be such that for some 6* > we have 

R^,k < eRj,k for 1 < J < /, A: > L (48) 

Set 

<^»,fc(r) i^r^^^'expj^ j 2mukdcj}j, (49) 

dB^(x,,k) 

for < r < Tinj, where dug is the measure on dBr{xi^k) induced by g. Observe 
that 



¥'i,fe(''A^i,fc) < if and only if r^^^fc < -i/^ ^ 



duk ^ 



9n ^ 



dag] . (50) 
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From PO)) wc infer 

duk 



a , 2 -2r 
log- 



hence 

)"i,fe / -K^dag --r— fo^' r > as /c oo, 
J on 1 + r 



and ([50)1 implies that for any R > 2i?^ := 2^^^, there exists ko{R) such that 
V5z,fc(r-M».fc) < for fc > fco(i?), r e [2i?,,i?]. (51) 

Define 

r,^k ■■= sup |r e [2i?^^j,fc,7?,,fc/2] : (f-^kip) < for p G [2i?^M».fc, O}- (52) 
From ((5T|) we infer that 

lim = +0O. (53) 

Let us assume that 

lim ri,k = 0. (54) 

k — ^oo 

Consider 

Vi^kiy) ■= Uk{exp^^ ^{ri^ky)) - Ci^k, Q,fc := j- Ukdag, (55) 

and let 

9t,k ■■= r~k{exp^^^ °T,^k)*9, Qz,k{y) ■= Qfc(exp^^ Jr,,fcy)), 

where 

T.,fc(y) := n^kV for y G R'"'. 

Then 



We also set 

Ji = {j 7^ i : dist(a;i,fc,a::j,fe) = 0{r,^k) as k ^ oo}, (57) 

and ^ 

^It := exp-\(xj-fe), i^-'^ = lim i^-fc, (58) 

ing to a subseq 
that > 2 for all j G J, and that 



after passing to a subsequence, if necessary. Thanks to ([48]) and ([52|) . we have 



|if -4''l>l foraUj-^e J,, j t 
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By and the choice of Ci^k in ([SS]) . w^./t is uniformly bounded in 

Thanks to (I52|) and ([53|) . given i? > 2i?,y, there exists ko{R) such that <fi.k{Ti,k) < 
<fi,k{RfJ'i,k) for all fc > ko- From (|40|) . we infer 



exp ^ ^ 2mukda^ = exp ^ -j- 2m{uk + \ogp,i^k)d(J 

= C{R)+o{l), asfc-^oo, (59) 

where 

C{R) -^0, as i? ^ oo. (60) 
Then, together with ([55]) . letting ^ +oo we get 



2m{l — u) I \ ^ 2m(l-!/) / j-, n 



2m(i/-l) 

,2m , ■ 



exp(^ 2m«fcda^i?2"''(^^y 



^ 0. (61) 
Therefore the right-hand side of goes to locally uniformly in 

moreover 

^ ffK^™ in CL(R2") for every > 0, r^jg,,,. in CU^'^"")- (62) 
It follows that, up to a subsequence, 

v,,k - K in C7f™-i'"(M2™\{0,i« : j e JJ), (63) 
where, taking into account, 

A™/i,(x) =0, X e M^myio^ . ^- £ j-j 

and 

7?(a;)^|V^/i,(x)| <Q, for£ = l,...,2TO-l, x £ R2m^|Q^ -W . g 

with R{x) := min{|a;|,|a; — a;^*'' | : j G Ji}. Then Proposition 1151 from the 
appendix implies that 

h,{x) = -X\og\x\- A,log|:E-if (64) 

for some A, /3, Xj S R. We now recall that the Paneitz operator is in divergence 
form, hence we can write 

^^"«^fc = div§„.(Ag„,«,,fc) (65) 
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for some differential operator Ag. of order 2m — 1, with coefficients converg- 
ing to the coefHcient of (-l)'"VA'"-i uniformly in Bi, thanks to Then 
integrating fS^ . using ((5^ . and we get 

lim / Qfce^"™'' dvolg - lim (^,,fe(r,,fc)r^'7(^-'^' / Q.^fce^™"-" dvolg 



lim 

k — >co 



div§,..(Ag,_,w,,fe) + rfj^Qg^^,^ dvolg^ 



lim / n- (Ag.^^Vi^k)dag^ ,^ 



dBi 



= (-ir/ ^<i-A^, (66) 

JdBi on 2 

where here n denotes the exterior unit normal to dBi and the last identity can 
be inferred using and the following: 

QAm-lL. f 9A™~^l0gTiT 

1 

da; 

(«)i 



dn .Igg^ dn 



From (jlHl) with £ = 1, we get 



=0 on Bi 



Wk{exp^^ ^{ri^kVi)) - Mfc(exp^^ Jri,fcy2))| < Cri^kr sup |Vwfc| < C, (67) 
for < r < |, = |?;2| = 7-. For 2R^fi,^k < RfJ-i,k < r < n^k, we infer from 

This, dm), jSni), dSni) and (HZl) imply that for any 77 > there exist i?^ > 2i?,, 
and G N such that 

dist(x, a;,,fc)2'"''e2""'= < w-T^""'^ x G Br^ , , (x,,^), k > k^. 

(68) 

It now follows easily that 

lim lim / Qfee2""'=dx = 0, 

and from (|iT|) 

/i: — > + oo 



lim / Qfee2""'=dx = Ai. 

That implies that A = 2. With a similar computation, integrating on Bs{x^^^) 
for (5 small instead of -Bi(O), one proves that Xj > 2 for all 3 € Ji- Now set 



hida. 

AO) 



18 



Then 

for < ?■ < |. In particular 

hence, for k large enough, t^^ k{i'i,k) < 0. This implies that 

ri,k = ^^Y^ for A: large. (69) 

This in turn implies limfc_+oo Ri ^ = 0, when i satisfies and lim^^oo Vi^k = 
0. For i satisfying and limsupj,^o^ ^^^fe > 0, we infer, instead, that 

limsup^._oQ Ti^fc > 0. In both cases (|S5| holds. 

Step 4b. Now assume that 

limsup^i^fc > 0, for every I < i < I. (70) 

k — >co 

Then (|48p is satisfied for every I < i < I, hence limsupj.^oQ r^^^ > 0, 1 < i < /. 
Up to selecting a subsequence, we can set 

Si, := inf i lim r^^fe > 0. 

l<i<I Z k — >OQ 

Take now 77 = 1 in , and let i?i be the corresponding i?,, . Then is true 
for a; G Bs^{xi,k)\BR-^f_i- ^{xi,k)- On the other hand, thanks to (^3), we have 
Uk{x) < Uk{xi^k) + C on Si^j^^ Jx). Then, using ([H]), we get 

dist(x,x,,fc)2"''e2""'=(^) < C(i?iM,,fc)2™^e2""'=(^->'=) 

< Ci?2™Vf;(''-'^ fora;ei3fl,^,,,(a;,,fc). 

This completes the proof of under the assumption that ([70)1 holds. 

Step 4c. We now prove that in fact ([70]) holds true. Choose 1 < lo < so that, 
up to a subsequence, 

Rio,k = min Ri^k for every fc G N, 

l<i</ 

and assume by contradiction that limfe^oo Rio,k ~ 0. Clearly holds for 
i = io, hence also ([69|) holds for i = io, by Step 4a. Then, setting Ji^ as is ([57| . 
we claim that, for any i e J^q, there exists 6'(z) > such that 

R^M < 0{i)Rj,k for 1 < j < /. 

Indeed 

Ri,k = 0{ri^,k) = 0{Rig^k) as A: ^ 00. 
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It then follows that holds for all i G J^,, , and that Step 4a applies to them. 
Observing that Ji^^ ^ thanks to Step 4a (Identity (|69p with io instead of z), 
we can pick i G such that, up to a subsequence, 

disi{xi^u,Xia,k) > dist{xj^k,Xtg^k) for aU j e Jig, k > 0. 

Recalling the definition of x'j'^ for j G J7i, we get |a;-*^| > — xf^^\ for all 
j & Ji- A consequence of this inequality is that the scalar product 

5;«.if>0 (71) 

for all i Ji- In other words all the x^' 's with j G J7i lie in the same half space 

orthogonal to ij^ and whose boundary contains = a;^ . Multiplying (I56|) by 
Vwi.fc and integrating over = Bs{Q) {5 > Q small), we get 



/ ^|'>*,fc'^^^i.fc dvolg, , = - / r^^Qi^fcVwi.fcdvolg, , 

"'Si ' -IBs 



-<^a-(r..fc) / g,,fcVe2"''-'^ dvolg, , 

JBniO) 



2m 

(/)fe + (//)fe. (72) 



Recalling ([S^ and we see at once that limfe_oo(-?^)fc = 0. Integrating by 

parts, we also see that 



^2m(l-i^) 



\{II)k\ < ^^Ar^,k) I ^^g.,fce^'"''-'=dvol§., 

^"^ Jbs(o) Qt,k 

^2m(l-i/) 

^''^ Vi.k{ri,k) / 0(l)dcrg^,^ 



2m 

as fc — > cxD 



dBs{a) 



where the last term vanishes thanks to (pTj) . and the first term on the right of 
{II) k vanishes thanks to fM]) and the remark that 

^^->0 inL'^iBs). (73) 

Recalling ([M]) . using ([33]) and ([H^. we arrive at 



Vh,{^A)'"'h,dx = 0. (74) 
Let us assume m even. Then, integrating by parts, we get 
= i / {{-A)^h,)^nda 

^ JdB, 



dBs 

£7. v(^?<^)(-Ar-M. 



as. 
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Then, taking the hmit as (5 ^ 0, and writing 

h,{x) = 21og-i- + G,(a;) 
\x\ 

we see that all terms in ([75)) vanish (Gi is regular in a neighborhood of and 
the vector function Vlog-|i| is anti-symmetric), up to at most 

lim / (-VG,)a,(-Ar-i(21og^)rfa = 27,„VG,(0), 
see (dH). But then ([75]) gives 

27,„VG,(0). 

Also when m is odd, in a completely analogous way, we get VGi(O) = 0, a 
contradiction with and ([7T|l . This ends the proof of Step 4. 

Step 5. Finally, if case (ii) occurs and S then ((iT|) implies 
limsupvol(5fc) > Qo(a;*^^)"^Ai > 0. 

This justifies the last claim of the theorem. □ 

4 The case M = S'^'^ 

In the case of the 2TO-dimensional sphere, the concentration-compactness of 
Theorem [5] becomes quite explicit: only one concentration point can appear 
and, by composing with suitable Mobius transformations, we have a global 
understanding of the concentration behavior. This was already noticed in Str] 
and [MSj . in dimension 2 and 4 under the assumption, which wc now drop, that 
the Q-curvatures are positive. 

Theorem 9 Let {S'^™,g) be the 2m- dimensional round sphere, and let Uk '■ 
M — > R be a sequence of solutions of 

PgUk + {2m - 1)1 = Qke^'^^-, (76) 

where Qk Qo in for a given continuous function Qq. Assume also that 

voligk) = / e2""Mvol<, = l^^"], (77) 

where gk '■= e^™"''g. Then one of the following is true. 

(i) For every < a < 1, a subsequence converges in (72in-i,a^^2m^_ 

(ii) There is a point xq G S'^™ such that up to a subsequence Uk — > —oo locally 
uniformly in S'^"''\{xq} . Moreover QqIxq) > 0, 

Qkc^"'"" dvolg - Ai4„ 

and there exist Mobius difjeomorphisms $fc such that the metrics hk '■= 
^Igk satisfy 

hk^gmH^'^iS^^), Qh,-^{2m~l)\inL\S^^). (78) 



21 



Proof. On the round sphere Pg ~ 01=0^(^^3 + i{2m — i — 1)); moreover 
ker Ag = {constants} and the non-zero eigenvalues of — Ag are all positive. 
That easily implies that kerP^™ = {constants}. From Theorem [51 and the 
Gauss-Bonnet-Chern theorem, we infer that in case (ii) we have 

Ai = / Qgdvolg = /Ai, 

hence 1 = 1, and Q^e^"™* dvolg ^ J^iSxq. In fact, in order to apply Theorem^ 
we would need Qk Qo in C^{M), but this hypothesis is only used in ([75]) in 
the last part of the proof of Theorem [21 in order to show that the concentration 
points are isolated. Since in the case of the sphere only one concentration point 
appears, that part of the proof is superfluous, and the assumption Qk —^ Qq in 
C°iM) suffices. 

To prove the second part of the theorem, for every k we define a Mobius 
transformation ■ S'^™ 5'^™ such that the normalized metric hk := ^k9k 
satisfies 

/ X dvolhf, = 0. 

Then ((751) follows by reasoning as in [MS[ bottom of Page 16]. □ 



Appendix 

A A few useful results 

Here we collect a few results which have been used above. For the proofs of 
Lemma [TUl Propositions [TTI and [T51 and Theorem [T^ see e.g. |Marlj . 

The following Lemma can be considered a generalized mean value identity 
for polyharmonic function. 

Lemma 10 (Pizzetti |Piz] ) Let A™/i = 0, in Bji{xq) C M", for some m,n 
positive integers. Then there are positive constants Ci = Ci{n) such that 

/7n — 1 
h{z)dz = CiR^'^'h{xii). (79) 

Proposition 11 Let A"^h = in B2 C R". For every < a < 1, p G [1, 00) 

and £ >0 there are constants C{i,p) and C{£,a) independent of h such that 

\\h\\w^,.^B,) < C(^,p)||/i|Ui(B,) 
||/i||c^.=(B,) < C{i,a)\\hU^^B,y 

A simple consequence of Lemma [101 and Proposition [Til is the following 
Liouville-type Theorem. 

Theorem 12 Consider /i : M" ^ M with A"/i and h{x) < C(l + |a;|^) for 
some integer £ > 0. Then h is a polynomial of degree at most max{^, 2m — 2}. 
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Proposition 13 Let u e C^™ ^{Bi) such that 
(-A)'"u < C inBi 



(-A)Ju < C on dBi for < j < m. ''^^^ 



Then there exists a constant C independent of u such that u < C in B 



Lemma 14 Let Au G L^{Vl) and u = on dfl, where il C M" is a bounded 
domain. Then for every I < p < ^^^y we have 

\\u\\w^,P(n) < C'(p)||Aii||Li(n) 

Proof Let u e C°°m and u\on = 0. If 1 < p < then q := ^ > n. From 
L^'-theory (see e.g. [Sim[ Pag. 91]) and tlic imbedding W^''' ^ L°° we infer 



|V'"IIlp(si) 1^ C sup / Vu-\/ipdx = C sup / —Au^pdx 

l|Vip||i.,(n)<l l|V¥j||i9(r2)<l 

< C sup / -Auv^do; < C||Au||li. 



ll¥'lkoo(n)<l 

To estimate ||u||2^p(f2) we use Poincare's inequality. For the general case one can 
use a standard mollifying procedure. □ 

Proof of Lemma[M By Lemma [HI || A™-iu||vi/i-(n) < C(r)||/||Li(n) for 1 < r < 
-2^. Then, by LP-theory, \\u\\w^r,^-i..(^n) < Cir)\\f\\L^n), and by Sobolev's 
embedding, 

II"IIl=(o) <^^(s)||/||Li(n), foralll<s<oo. (81) 
Now fix B = B4fj{xQ) CC (f2\5i) and write u = ui + U2, where 

(-A)™M2 = / inBiRixo) 

A^U2 = on dB4ji{xo) for < < m — 1. 

By LP-theory 

\\u2\\w^^.p{BiR{xo)) < C{p,B)\\f\\Lp(^BiR{xo)), (82) 

with C{p,B) depending on p and the chosen ball B. Together with ([5T|) . we 
find 

\\ui\\mB4R{xo)) < C{p,B){\\f\\Lp^ 

+ ll/IUi(f^))- 

By Proposition [TT] 

\\ui\\w^^.PiBR{xo)) < C{p,B){\\f\\Lp(^BiR{x„)) + ||/||Li(i2)), 

and (dni) follows. □ 

Proposition 15 Let S = {xi, . . . ,xj} C M^™ be a finite set and let h S 

C°°(M2™\5) safe/y A'"/i = anrf 

dist(x, S)\Vh{x)\ < C, for x e r2™\5. (83) 
T/ien i/iere are constants (3 and Xi, I < i < L , such that 

Hx)^y^\,\og- -+I3. (84) 
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Proof. Thanks to h e ^[^^^(M^™), so that A™/i is well defined in the sense 
of distributions and it is supported in S. Therefore 

/ 

i=l 

for some constants (3i. Then, recalhng pij) . if we set 

«(x):-/i(:r)-^A,log^^, A, := (-1)"^, 

1 2^ Xi\ 

we get iS.'^v = in R^™ in the sense of distributions (hence v is smooth) and 

\^v{x)\\x\<C inR2™. (85) 

Then \v{x)\ < C(log(l + |x|) + 1). By Theorem [T2]z; is a polynomial, which ((85|l 
forces to be constant, say v = —/3. Now (|84p follows at once. □ 
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